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2

3.2

3.3

Normalized-cut [6]

3.4

3.2

V E

G = (V,E) E

w : E → R+

E d : E → R+

G T ⊂ G

T T

V (T ) E(T )

T cT

cT = (1− θ)
∑

(i,j)∈E;
i∈V \V (T ), j∈V (T )

wij

+ θ
∑

(i,j)∈E(T )

wijdij (3.1)

(3.1) 1

2

θ [0, 1]

V (T ) G

V

3.2.1

T ∈ T xT

xT =

{
1 (T ∈ T ∗)

0 (T /∈ T ∗)

P :

∣∣∣∣∣∣∣∣∣∣

min.
∑
T∈T

cTxT

s.t.
∑
T∈T

aiTxT = 1, ∀i ∈ V,

xT ∈ {0, 1}, ∀T ∈ T .

aiT i T V (T )

1 0

aT = (aiT |
i ∈ V )� T V (T )

NP
P LP

P

LP :

∣∣∣∣∣∣∣∣∣∣

min.
∑
T∈T

cTxT

s.t.
∑
T∈T

aiTxT = 1, ∀i ∈ V,

xT ≥ 0, ∀T ∈ T .

xT

G

T

3.2.2

[7] S ⊆ T
LP(S)

LP(S) :

∣∣∣∣∣∣∣∣∣∣

min.
∑
T∈S

cTxT

s.t.
∑
T∈S

aiTxT = 1, ∀i ∈ V,

xT ≥ 0, ∀T ∈ S.

LP(S) LP

LP
LP(S) x∗

(S) = (x∗T | T ∈
S)� λ∗

(S) = (λ∗
i |

i ∈ V )� (3.2)
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γ(T,λ∗
(S)) T ∈ T \ S
x∗
(S) LP

γ(T,λ∗
(S)) = cT −

∑
i∈V

aiTλ
∗
i . (3.2)

T ∈ T \ S
S

min
{
γ(T,λ∗

(S)) | T ∈ T \ S
}

(3.3)

(3.3)
G 0
i

Ḡ = (V̄ , Ē)
i ∈ V̄

δ(i) = { j ∈ V | (i, j) ∈ Ē },
ρ(i) = { j ∈ V | (j, i) ∈ Ē }.

SP(λ∗
(S)) :

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

min. (1− θ)
∑

(i,j)∈E

wij(1− yi)yj

+θ
∑

(i,j)∈E

wijdijzij −
∑
i∈V

λ∗
i yi

s.t.
∑

j∈δ(0)

z0j = 1,

∑
j∈ρ(i)

zji = yi, ∀i ∈ V,

∑
j∈δ(i)

zij ≤ |V | × yi, ∀i ∈ V,

li + 1 ≤ lj + |V |(1− zij),
∀(i, j) ∈ E,∑

(i,j)∈E

zij =
∑
i∈V

yi − 1,

(y, z) ∈ F,
yi ∈ {0, 1}, ∀i ∈ V,
zij ∈ {0, 1}, ∀(i, j) ∈ Ē,
li ∈ R, ∀i ∈ V.

yiyj

F

Algorithm 1

3.3

Normalized-cut

Normalized-cut

Algorithm 1

1: S
2: LP(S) v(LP(S))

λ∗
(S)

3: SP(λ∗
(S)) y∗

v(SP(λ∗
(S)))

4: if v(SP(λ∗
(S))) ≥ 0 then

5: LB ← v(LP(S)) Line 8

6: else

7: S ← S ∪ { {i ∈ V | y∗i = 1} }
Line 2

8: P(S) v(P(S))

Normalized-cut

∗

V = {1, 2, . . . , n} E
G = (V,E)

w : V × V →
R+

0
di =

∑
j∈V wij

D
W

A ⊂ V

cut(A,A�) =
∑
i∈A

∑
j∈A′

wij , vol(A) =
∑
i∈A

di

A� = V \ A
V {V1, V2, . . . , Vk}

Normalized-cut

Ncut(V1, V2, . . . , Vk) =
k∑

j=1

cut(Vj , V
�
j )

vol(Vj)
.

Normalized-cut

cut(Vj , V
�
j )

vol(Vj)
(3.4)

Vj Vj

∗3.2
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3.3.1 Normalized-cut

L
LN [8]

L = D −W,

LN = D−1/2LD−1/2.

Normalized-cut
V

{V1, V2, . . . , Vk}
xji

xj
i =

�
1/
�

vol(Vj) (i ∈ Vj)

0 (i /∈ Vj)
(3.5)

k xj X

Ncut(V1, V2, . . . , Vk) =
k�

j=1

(xj)�Lxj = Tr(X�LX)

Tr

Normalized-cut L

NC :

�����
min. Tr(X�LX)

s.t. X (3.5) .

3.3.2

NC
(3.5)

X�X
X

D1/2 Y (= D1/2X)

RNC :

��������

min. Tr(Y �D−1/2LD−1/2Y )

= Tr(Y LNY )
s.t. Y �Y = I,

Y (= D1/2X) ∈ Rn×k.

RNC

NC

RNC

LN

LN k

λj λj

3.1 RNC
�k

j=1 λj

Y ∗

Y ∗ =

⎡
⎣v1 v2 · · · vk

⎤
⎦ ∈ Rn×k.

λ1, λ2, . . . , λk LN k

v1,v2, . . . .vk

X∗ = D−1/2Y ∗

Lu = λDu λ1, λ2, . . . , λk

u1,u2, . . . ,uk

3.1 L

RNC

X∗

(3.5)

k-means

k uj(j =

1, 2, . . . , k) i k

zi = (u1i , u
2
i , . . . , u

k
i ) i

k k-means

Normalized-cut

Algorithm 2

1: L

Lu = λDu k

λj uj

LB ←
�k

j=1 λj .

2: for i ∈ V do

3: zi ← (u1i , u
2
i , . . . , u

k
i ) ∈ Rk

4: {z1, z2, . . . , zn} k-

means

{V1, V2, . . . , Vk} .

5: UB ← Ncut(V1, V2, . . . , Vk) LB

UB
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3.4

3.4.1

P

P

P P

P

P

P

P

P 2 A

A 2

A

[11]

3.4.2

G = (V,E) V n

{Vk; k = 1, 2, . . . , n}
v

[v] v ∈ V[v]

v

(xv, yv) Vk

Rk

V {Vk}
{Rk}

P

p ∈ P

G Vk

u, v (xu, yu), (xv, yv)

{Vk} {Rk}
Rk ∂Rk

Vk Vk′

∂Rk [u] �= [v]

(xu, yu)-(xv, yv)

∂Rk Vk

j �= k ∂Rj

l �= j, k ∂Rl

∂Rj , ∂Rk, ∂Rl 1

Rj∩Rk, Rk∩
Rl, Rl ∩Rj

3 3

∂Rk

G = (V,E) E

{(xv, yv); v ∈ V }

u, v

[u] �= [v]

3 v1, v2, v3

[v1] �= [v2] �= [v3]

3.4.3

Vk Rk

∂Rk

Π Σ

{(xv, yv); v ∈ V }
{(xu, yu)-(xv, yv) | (u, v) ∈ E}

T
S

S ⊆ E ST(t) PT(t)

t ∈ T⋃
t∈T ST(t) = S

⋃
t∈T PT(t) = V
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3.3.1 Normalized-cut

L
LN [8]

L = D −W,

LN = D−1/2LD−1/2.

Normalized-cut
V

{V1, V2, . . . , Vk}
xji

xj
i =

�
1/

�
vol(Vj) (i ∈ Vj)

0 (i /∈ Vj)
(3.5)

k xj X

Ncut(V1, V2, . . . , Vk) =
k�

j=1

(xj)�Lxj = Tr(X�LX)

Tr

Normalized-cut L

NC :

�����
min. Tr(X�LX)

s.t. X (3.5) .

3.3.2

NC
(3.5)

X�X
X

D1/2 Y (= D1/2X)

RNC :

��������

min. Tr(Y �D−1/2LD−1/2Y )

= Tr(Y LNY )
s.t. Y �Y = I,

Y (= D1/2X) ∈ Rn×k.

RNC

NC

RNC

LN

LN k

λj λj

3.1 RNC
�k

j=1 λj

Y ∗

Y ∗ =

⎡
⎣v1 v2 · · · vk

⎤
⎦ ∈ Rn×k.

λ1, λ2, . . . , λk LN k

v1,v2, . . . .vk

X∗ = D−1/2Y ∗

Lu = λDu λ1, λ2, . . . , λk

u1,u2, . . . ,uk

3.1 L

RNC

X∗

(3.5)

k-means

k uj(j =

1, 2, . . . , k) i k

zi = (u1i , u
2
i , . . . , u

k
i ) i

k k-means

Normalized-cut

Algorithm 2

1: L

Lu = λDu k

λj uj

LB ←
�k

j=1 λj .

2: for i ∈ V do

3: zi ← (u1i , u
2
i , . . . , u

k
i ) ∈ Rk

4: {z1, z2, . . . , zn} k-

means

{V1, V2, . . . , Vk} .

5: UB ← Ncut(V1, V2, . . . , Vk) LB

UB
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P S(s) s ∈ S

s ∈ S
S2 t ∈ T

3

T3 s ∈ S2

t ∈ T3
Π s ∈ S2

s t ∈ T3
t 3

π ∈ Π s ∈ S2

t ∈ T3
π[s], π[t] s ∈ S t ∈ T

Π

Σ

σ[s], σ[t] s ∈ S
t ∈ T

Σ

t ∈ T 3

2 T2
t ∈ T2 3

2

t ∈ T2
t

2

t ∈ T3 3

3

t

3 t

Algorithm 3 Σ

1

(a)

(b)

Algorithm 3

1: Σ ← {σ[s], s ∈ S2} ∪ {σ[t], t ∈ T3}
2: for σ ∈ Σ do

3: σ ← {}
4: for t ∈ T2 do

5: {s0, s1} ←{
s ∈ ST(t) | #{[v], v ∈ P S(s)} = 2

}
6: σ[s0] ← σ[s0] ∪ {s1}
7: σ[s1] ← σ[s1] ∪ {s0}
8: for t ∈ T3 do

9: for s ∈ ST(t) do

10: σ[t] ← σ[t] ∪ {s}
11: σ[s] ← σ[s] ∪ {t}

(a) (b)

1

3.4.4

p ∈ Π

3
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τ

S2 ∪ T3
g ∈ S2

g

p0, p1 g π[g]

π[q], q ∈ σ[g]

π[g] g

π[g] τ

g ∈ T3
π[g] 3 π[g]

3

3

π[g]

3

Algorithm 4

Algorithm 4

1: for τ = 1, 2, . . . do

2: G ← {S2 ∪
T3 }

3: for g ∈ G do

4: if g ∈ S2 then

5: {p0, p1} ← P S(g)

6: π[g] ← π[g] +∑
q∈σ[g]

(π[q]− π[g]) · (p1 − p0)

||π[q]− π[g]|| · ||p1 − p0||
(p1−p0)·

1

aτ

7: else

8: π[g] ←
∑

q∈σ[g]

q

3

2 1

1(b)

2

4

3.2 3.3 2

– –

– – –

10

84 99

3.1 1

wij (i, j)

1

3.1 2

wij (i, j)

1 dij

(m)
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P S(s) s ∈ S

s ∈ S
S2 t ∈ T

3

T3 s ∈ S2

t ∈ T3
Π s ∈ S2

s t ∈ T3
t 3

π ∈ Π s ∈ S2

t ∈ T3
π[s], π[t] s ∈ S t ∈ T

Π

Σ

σ[s], σ[t] s ∈ S
t ∈ T

Σ

t ∈ T 3

2 T2
t ∈ T2 3

2

t ∈ T2
t

2

t ∈ T3 3

3

t

3 t

Algorithm 3 Σ

1

(a)

(b)

Algorithm 3

1: Σ ← {σ[s], s ∈ S2} ∪ {σ[t], t ∈ T3}
2: for σ ∈ Σ do

3: σ ← {}
4: for t ∈ T2 do

5: {s0, s1} ←{
s ∈ ST(t) | #{[v], v ∈ P S(s)} = 2

}
6: σ[s0] ← σ[s0] ∪ {s1}
7: σ[s1] ← σ[s1] ∪ {s0}
8: for t ∈ T3 do

9: for s ∈ ST(t) do

10: σ[t] ← σ[t] ∪ {s}
11: σ[s] ← σ[s] ∪ {t}

(a) (b)

1

3.4.4

p ∈ Π

3
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τ

S2 ∪ T3
g ∈ S2

g

p0, p1 g π[g]

π[q], q ∈ σ[g]

π[g] g

π[g] τ

g ∈ T3
π[g] 3 π[g]

3

3

π[g]

3

Algorithm 4

Algorithm 4

1: for τ = 1, 2, . . . do

2: G ← {S2 ∪
T3 }

3: for g ∈ G do

4: if g ∈ S2 then

5: {p0, p1} ← P S(g)

6: π[g] ← π[g] +∑
q∈σ[g]

(π[q]− π[g]) · (p1 − p0)

||π[q]− π[g]|| · ||p1 − p0||
(p1−p0)·

1

aτ

7: else

8: π[g] ←
∑

q∈σ[g]

q

3

2 1

1(b)

2

4

3.2 3.3 2

– –

– – –

10

84 99

3.1 1

wij (i, j)

1

3.1 2

wij (i, j)

1 dij

(m)
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CPU Intel Core i7 1.4GHz,

16GB

Python 3.6.3

Gurobi Optimizer 8.0.1 Python API

Normalized-cut

k-means

SciPy scikit-learn

4.1

(3.1)

θ = 0.5 (l, u) =

(12000,+∞),

dmin = 4×1800

s = 4

1

1

1647

LB 188244.809

UB 188244.809

7

1389.82

3

2 7

2

(3.1)

1 5 24510.48

2 3 26251.33

3 3 12832.47

4 5 22575.55

5 15 17978.81

6 40 53199.33

7 13 30896.79

/ 13.33 4.14

3

2

4

4.2 Normalized-cut

Normalized-cut

k = 7 3 Normalized-

cut

3 Normalized-cut

LB 0.2562

UB 0.8939

7

0.28

4

4 7

4

Normalized-cut

2
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4 Normalized-cut

(3.4)

1 19 0.1081

2 19 0.1631

3 12 0.0833

4 12 0.1226

5 6 0.1666

6 8 0.1250

7 8 0.1250

/ 3.16 2.00

4 Normalized-cut

4.3

4.2 Normalized-cut

Normalized-cut

Normalized-cut

(3.1)

5

5

5

(3.4) (3.1)

1 0.1081 51387.52

2 0.1631 44067.28

3 0.0833 14654.84

4 0.1226 57939.01

5 0.1666 7157.75

6 0.1250 91178.40

7 0.1250 37090.46

/ 2.00 12.73

2

GIS Geographic

Information System “

” 2

UPR
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