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Abstract: In this paper, we present a bi-level algorithm, which provides an optimal time assignment for arriving
and departing aircraft with respect to the overall fuel consumption of all arriving and the delay of departing
aircraft. The optimal arrival time assignment is performed by the upper level of the bi-level structure, avoiding
the solution of a costly combinatorial problem. The upper level optimization is subject to separation constraints,
which ensure operational safety on the one hand, and a feasible solution in the lower levels on the other hand.
The lower level optimal control problems define the optimal trajectories of each individual aircraft, respecting
the arrival times assigned by the upper level problems as well as a safe distance separation with respect to all
other aircraft. The objective functions of both levels within the bi-level optimization are the minimization of
consumed fuel, the individual fuel consumption in the lowerlevel problem, and the combined fuel of all aircraft
in the upper level. Hence, the bi-level algorithm constitutes a primal decomposition of a combined, multi-aircraft
optimal control problem.
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1 INTRODUCTION

Air traffic has undergone a steady growth in the
last decades and is expected to continue growing at a
constant rate [1]. This will inevitably lead to a lack
of capacity, especially at bottlenecks of the system,
such as large aerodromes. The resulting challenges
can only be met by extending the current infrastruc-
ture or introducing novel procedures that increase its
performance. Within the process, which is driven by
national and international programs, such as SESAR,
NextGen, and CARATS, technologies are already de-
veloping with a high potential of improving perfor-
mance, such as i4D trajectories, E-AMAN, and SWIM.
These technologies will in turn enable the exploitation
of highly advanced methods, especially in the field of
optimization.

The technical development in aviation and com-
putational power also enable advanced research in the
field of the numerical optimization of arrival manage-
ment. The studies [2, 3] combine several aircraft into
a single, large scale optimal control problem, which
is solved by applying direct collocation methods. [4]
proposes a simultaneous optimization of trajectory and
sequence by calculating a criterion function using in-
direct optimal control methods and varying the final
time. A genetic algorithm is employed in [5] to opti-
mize sequences and trajectories in a bi-level approach.
Furthermore, a gradient-based method for an optimal
arrival time assignment is presented in [6], which in-

cludes a homotopy approach to facilitate the solution
process by gently removing a relaxation in the con-
straints.

In this work, a bi-level approach is presented that
can treat the problem in a single run without the need
to employ a homotopy approach. Furthermore, the
capacity reduction due to departing aircraft can be
considered in this approach. The bi-level structure is
displayed in Fig. 1, which shows the flow of infor-
mation during the solution process between the up-
per level to calculate the optimal arrival times and the
lower level problem defining the optimal trajectories.
The novel upper level problem structure is presented
in section 2, followed by a short introduction of the
models in section 3, and the optimal control problems
in section 4. Finally, a case study is presented in sec-
tion 5 before concluding the paper in section 6.

2 ARRIVAL TIME ASSIGNMENT

The upper level problem is formulated to define
the optimal arrival times of all aircraft, respecting the
constraints on time and distance separations at the fi-
nal approach fix (FAF). Hereby, the objective function
to be maximized is the cumulated final massm1,i of all
aircraft

i = 1 . . .nac (1)

at the FAF, which is equivalent to minimizing the cu-
mulated fuel consumption of allnac arriving aircraft.
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Figure 1: Bi-level structure resulting from the primal decomposition of the multi aircraft approach problem.

Table 1: Separation based on thewake turbulence
categoriesL(ight), M(edium), H(eavy) and S(uper
Heavy) of preceding (row) and following aircraft (col-
umn). [7]

(a) Time separation inmin

L M H S

L 0 0 0 0
M 3 2 0 0
H 3 2 0 0
S 3 3 2 0

(b) Horizontal distance separation innm

L M H S

L 3 3 3 3
M 5 3 3 3
H 6 5 4 4
S 8 5 4 4

Hence, the upper level optimization problem yields:

t̂∗ = arg min
t̂

nac∑

i=1

−m∗1,i
(

t̂i
)

+ θ ·

nac,dep∑

j=1

(

t̂ j − t j,des

)2
, (2)

where t̂i denotes the arrival time of aircrafti at the
FAF. Additionally, equation (2) shows a second term
penalizing the delay of thenac,dep departing aircraft.
The penalty is subject to the weighing factorθ.

This problem is constrained by a pairwise sep-
aration between all aircraft arriving at the FAF. On
the one hand, the time separations according to ICAO

Doc. 4444 [7], which is listed in Tab. 1a, have to be
respected. However, the sequence of arriving aircraft
is not known a priori, hence only one of the two con-
straints

t̂i − t̂ j − ∆t ji ≤ 0, (3)

t̂ j − t̂i − ∆ti j ≤ 0, (4)

is valid, where∆t ji denotes the minimum time separa-
tion between the leading aircraftj and the following
aircraft i and vice versa. Because of the dependency
of this minimum time separation on the wake turbu-
lence category of both aircraft, the minimum time sep-
aration is generally not symmetric:

∆t ji , ∆ti j . (5)

This problem is solved by combining the time sepa-
ration constraints for each pair of aircraft to a single
quadratic constraint introduced in [6], which is de-
picted in Fig. 2:

ct̂,i j =

(

t̂i − t̂ j −
∆t ji − ∆ti j

2

)2

−

(
∆t ji + ∆ti j

2

)2

≥ 0, i , j.

(6)
This constraint formulation simultaneously ensures a
safe time separation for the considered pair of aircraft,
regardless of the order of reaching the FAF. Hereby,
the difference of arrival times

t̂i − t̂ j (7)

takes positive values, if aircraftj arrives before air-
craft i. In this case, aircraftj is the leading aircraft
and the time separation∆t ji has to be respected, which
is zero in the example of heavy aircraft following the
medium. In the opposite case, i.e. for the medium air-
craft following a heavy, the difference takes negative
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Figure 2: Combined time separation constraint func-
tion between aircrafti (H) and j (M).

values and the respective required time separation is
2min, according to Tab. 1a.

In contrary to the formulation presented in [6],
the distance separation at the FAF is also considered
in the upper level problem extending the list of con-
straints. This approach is chosen to mitigate the draw-
back that the upper level problem does not contain any
information about the distance separation in the lower
level problem. Therefore, the solution of the upper
level problem may yield a pair of equal arrival times
for any case, whenever Tab. 1a yields no time sepa-
ration. However, this contradicts with the non-zero
distance separation path constraint comprised in the
lower level optimal control problems, which has to be
respected along the entire trajectory and thus also at
the FAF.

The inclusion of the distance separation at the FAF
within the upper level optimization ensures the fea-
sibility of the lower level optimal control problems.
Similarly to the time separation constraint, the required
distance separation depends on the order of arriving
aircraft. Consequently, equation (6) can either be ap-
plied analogously or reused for the distance separa-
tion at the FAF by adjusting the required time sepa-
ration∆t ji . The time difference between two adjacent
aircraft required to ensure a safe distance separation
can be calculated by deriving the distancedi,FAF of
the following aircrafti to the FAF from its trajectory,
where the condition for the required time separation
∆t ji ,d, which is implicitly defined by the required dis-
tance separationd ji ,WTC, holds:

di,FAF

(

t̂i − ∆t ji ,d

)

= d ji ,WTC. (8)

The required distance separation of each combination
of aircraft of different wake turbulence categories are
tabulated in Tab. 1b. The overall required time sepa-
ration follows as the maximum of the time separation

given directly by the ICAO (Tab. 1a) and the time sep-
aration implied by the distance separation (Tab. 1b):

∆t ji = max
{

∆t ji ,WTC,∆t ji ,d

}

. (9)

The constraint given by equation (9) is introduced into
the optimization problem by including the required
time separation∆t ji for each combination of leading
aircraft j and following aircrafti as additional opti-
mization variables into the upper level problem prob-
lem. Furthermore, two constraints are introduced for
each of the additional variables:

c∆t ji ,WTC = ∆t ji − ∆t ji ,WTC ≥ 0, (10)
c∆t ji ,d = ∆t ji − ∆t ji ,d ≥ 0. (11)

For a runway operating at full capacity, the prob-
lem is well defined and has a unique solution, where
the required time separation takes the value of the
maximum of the two values respecting the time and
distance separation defined by the ICAO. If the op-
timal solution contains inefficiencies in a way, that
the duration between two arriving aircraft is larger
than the respective minimum time separation, an addi-
tional term has to be added to the objective function,
e.g. by adding the sum of the required time separa-
tions, which are positive by definition:

∑

i

∑

j

∆t ji , i , j. (12)

After introducing a continuous formulation of the
sequencing problem, the choice of approaches for the
solution can be extended by gradient-based methods.
In this work, the SQP algorithm of thefminconsolver
included in Matlab is utilized. This solver requires
the gradient of objective and constraint functions with
respect to all optimization variables. The objective
functionJ of the upper level problem contains the fi-
nal mass of all aircraft, which is determined by the
lower level optimal control problems. Hence, for a
simple problem containing only two aircraft 1 and 2,
the optimization vector is

z =
(

t̂1, t̂2,∆t12,∆t21
)T (13)

and the gradient:

∇J =
[

∂m1,1

∂t̂1

∂m2,2

∂t̂2
0 0

]

. (14)

Similarly, the Hessian of the problem yields

∇2J =





∂2m1,1

∂t̂21
0 0 0

0 ∂2m2,2

∂t̂22
0 0

0 0 0 0
0 0 0 0





. (15)
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Furthermore, the gradient of the constraint func-
tion yields:

∇c =





2a −2a (a− b) − (a− b)
0 0 1 0
0 −

∂∆t12,d

∂t̂2
1 0

0 0 0 1
−
∂∆t21,d

∂t̂1
0 0 1





,

(16)
where the parameters

a =

(

t̂1 − t̂2 −
∆t12 − ∆t21

2

)

(17)

and

b =
∆t12 + ∆t21

2
(18)

represent the vertex(a,−b) of the parabola defined
in equation (6). The Hessian of the constraint func-
tion requires the second order derivative of the vari-
able∆ti j,d, i.e. the time separation required to ful-
fill the distance separation at the FAF, which cannot
be obtained in a straightforward way. However, the
constraint can be linearized around the current point,
yielding

∂2∆ti j,d
∂t̂2i

= 0. (19)

Alternatively, the Hessian matrix of the constraint func-
tion is estimated, e.g. by calculating BFGS updates
[9].

3 MODELING

The optimal control problems for each individual
aircraft respecting the arrival time fixed by the up-
per level problem define the optimal trajectories. To
achieve realistic results with regard to the dynamic
behavior of the aircraft, models for the aircraft and
constraints have to be considered. In this section, the
modeling of the dynamic constraints governing the
system dynamics of the aircraft and the algebraic con-
straints ensuring a minimum distance separation are
discussed.

3.1 Aircraft

The aircraft model considered within the optimal
control problem has to fulfill opposing requirements:
It must be sufficiently elaborate to display the flight
performance properties of the real aircraft, especially
with respect to the fuel consumption. However, the
evaluation of the model has to show maximum effi-
ciency to allow for short calculation times. There-
fore, a point mass model of the aircraft is employed
described by the seven states displayed in Tab. 2.

Table 2: States and controls for the point mass aircraft
model along with their min and max values.

Description Min Max

ϕ geodetic latitude −90◦ 90◦

λ geodetic longitude −180◦ 180◦

h altitude above reference ellipsoid 5000f t ∞
VK kinematic speed Vk,min Vk,max

χK flight path azimuth angle −180◦ 180◦

γK flight path climb angle − π2 0
m aircraft mass ZFWk m0

αK kinematic angle of attack −8◦ 12◦

µK kinematic bank angle −30◦ 30◦

δT thrust lever position 0 1

The position of the aircraft is propagated in WGS84
coordinates comprising the geodetic latitudeϕ, longi-
tudeλ, and the heighth above the reference ellipsoid,
which has a lower bound at the transition altitude of
5000 f t. The velocity~VK of the aircraft is given in the
kinematic reference frame, which is defined with re-
spect to the north-east-down frame by the flight path
climb angleγK and the flight path azimuth angleχK .
Considering

• the Coriolis and centrifugal forces due to the
rotation of the earth~ωωωIE ,

• the transport rate~ωωωEO induced by moving along
the elliptical surface of the earth,

• and the centrifugal force due to the curvature
of the trajectory, represented by the rotational
velocity of the kinematic frame~ωωωOK,

the differential equations for the velocity can be de-
rived in the kinematic frame according the Newton’s
second law [10]:

~̇VK +
(

~ωωω
OK

)

K
×

(

~VK

)E

K

+
(

~ωωω
EO

)

K
×

(

~VK

)E

K
︸               ︷︷               ︸

round earth

+ 2 ·
(

~ωωω
IE

)

K
×

(

~VK

)E

K
−

(

~ωωω
IE

)

K
×

[(

~ωωω
IE

)

K
×

(

~rG
)

K

]

︸                                                           ︷︷                                                           ︸

rotating earth

=
1
m

∑(

~F
)

K
, (20)

wherem denotes the mass of the aircraft. The sum of
all external forces acting on the aircraft are the gravi-
tational (G) force (denoted in the north-east-down co-
ordinate frameO)

(

~FG

)

O
=





0
0

m · g





O

, (21)
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the propulsive (P) force, which is estimated to be co-
linear with the kinematic velocity (denoted in the kine-
matic frameK)

(

~FP

)

K
=





T (δT)
0
0





K

, (22)

and the aerodynamic (A) force, consisting of the liftL
and dragD (denoted in the aerodynamic frameA)

(

~FA

)

A
=





−D (αA)
0

−L (αA)





A

. (23)

The propulsive and aerodynamic forces depend on the
thrust lever positionδT and the aerodynamic angle of
attackαA respectively, which are considered control
variables of the aircraft model. Both forces are mod-
eled according to the Base of Aircraft Data family 3
(BADA 3) published by EUROCONTROL [11]. The
gravitational and aerodynamic forces are transformed
to the kinematic reference frame using the rotation
matricesM KO andM KA, which are also used to de-
termine the aerodynamic angle of attackαA by coef-
ficient comparison. Finally, the third control variable,
i.e. the kinematic bank angleµK , is used to rotate
the lift vector around the rollx-axis of the kinematic
frame to provide a centripetal force. The equation of
motion of the aircraft massm

ṁ= −ṁB (δT) . (24)

is modeled according to BADA 3 and thus dependent
on the thrust lever position.

3.2 Safe Distance Separation

Besides the dynamic constraints introduced in the
previous section, the optimal control problem is sub-
ject to algebraic path constraints, such as the mini-
mum distance separation with respect to all other air-
craft, which are modeled according to [5]. The con-
straints are modeled as an elliptic cylinder to respect
either the vertical separation minimumdh = 2000 f t
[7] or the horizontal separation minimumdx, which
is defined by ICAO [7] and displayed in Tab. 1b. The
mathematical representation of this cylinder is the max-
imum norm

dx −

∥
∥
∥
∥
∥
∥

(√

∆x2 + ∆y2,
dx

dh
∆h

)∥
∥
∥
∥
∥
∥
∞

≤ 0, (25)

which may cause numerical problems due to the non-
finite gradients at the sharp edges. Hence, the con-
straints are relaxed using thep-norm

−

[∣
∣
∣
∣
∣

√

∆x2 + ∆y2

∣
∣
∣
∣
∣

p

+

∣
∣
∣
∣
∣

dx

dh
∆h

∣
∣
∣
∣
∣

p]
1
p

≤ −dx, (26)

which can be used to smoothen the sharp edges of the
cylinder shape by adjusting the parameterp.

4 OPTIMAL CONTROL

The optimal control problem of each aircraft de-
fines the optimal trajectories with respect to the indi-
vidual fuel consumption under the constraint that each
aircraft respects the arrival time given by the upper
level optimization problem. Hence, the problem can
be formulated as

[

x∗i (t) , u∗i (t)
]

= arg min
ui (t)

−m1,i . (27)

The problem is subject to dynamic and algebraic con-
straints, which are introduced in the following sec-
tions.

4.1 Algebraic Constraints

The algebraic constraints for the optimal control
problem can be subdivided into two different groups.
Boundary conditions determine the start and end points
of the state trajectory, whereas path constraints have
to be fulfilled at every point in time.

4.1.1 Boundary Conditions

The initial boundary conditions

ψ (x0) = 0 (28)

correspond to the flight condition and position of the
aircraft when entering the terminal maneuvering area
(TMA). The corresponding navigation fixes are listed
in Tab. 3. Similarly, the final boundary conditions

ψ (x1) = 0 (29)

are related to the final position along the trajectory,
which is defined to be the FAF of runway 08L (MA-
GAT) of Munich Airport. Besides the position, the
aircraft should have reached a specific velocityVK,app
at this point. Furthermore, it should be aligned with
the runway, i.e. fly at a flight path azimuth angle of

χK,1 = 82◦ (30)

, which is equal to the runway heading, and display a
descent angle of

γK,1 = −3◦ (31)

to obey the glide slope. A summary of these condi-
tions can be found in Tab. 4.

Finally, the initial and final times are fixed within
the optimal control problem. On the one hand, the
initial time is different for each aircraft and represents
the time of entering the TMA. On the other hand, the
final time of the trajectory is dictated by the upper
level algorithm and introduced as a constraint to the
lower level optimal control problems:

ct̂ = t1 − t̂ = 0. (32)
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Table 3: Initial and final waypoints of all aircraft.

Waypoint Latitude Longitude

AKANU 49◦ 03′ 06′′ 10◦ 39′ 30′′

ANORA 48◦ 57′ 00′′ 10◦ 32′ 54′′

RIXED 48◦ 49′ 48′′ 10◦ 25′ 06′′

ABGAS 48◦ 35′ 36′′ 10◦ 23′ 30′′

MAGAT 48◦ 20′ 30′′ 11◦ 29′ 48′′

Table 4: Final boundary conditions.

State Final Boundary

ϕ latitude 48◦ 20′ 30′′

λ longitude 11◦ 29′ 48′′

h altitude 5000f t
VK kinematic speed Vk,app

χK azimuth 82◦

γK path climb angle −3◦

4.1.2 Path Inequality Constraints

Similarly to the boundary conditions, the path in-
equality constraints are used to shape the optimal tra-
jectories to display realistic results. However, the path
constraints have to be fulfilled at every point of time.
Among these constraints is the minimum distance sep-
aration introduced in section 3.2. Furthermore, oper-
ational constraints are added to obtain realistic trajec-
tories, such as a limitation of the load factor in the
z-direction of the kinematic frame:

0.8 ≤ (nz)K ≤ 1.2, (33)

which ensures a feasible solution regarding structural
loads and passenger comfort. Additionally, all aircraft
are prohibited from gaining altitude at this stage of the
flight to limit the workload on the air traffic control
officers (ATCO):

γK ≤ 0. (34)

4.2 Dynamic Constraints

Dynamic constraints are introduced to an optimal
control problem to account for the dynamic behavior
of a system, such as the aircraft. For a state space
representation, they can take the form

ẋ − f (x, u) = 0. (35)

In order to solve the optimal control problem numeri-
cally, the dynamic equations can be discretized by ap-
plying a collocation scheme. Here, a trapezoidal ap-
proximation of the state trajectory is employed, which
is discussed in the next section.

Besides the aircraft model, an auxiliary state is in-
troduced within this bi-level approach to obtain the

sensitivity of required time separation due to the min-
imum distance violation with respect to the arrival
time

∂∆t ji ,d

∂t̂i
, (36)

which is required in equation (16) that is in turn pro-
vided to the interior point solver of the upper level
problem. The equation of motion for this auxiliary
state switches from 0 to 1 at the point, when the fol-
lowing aircraft passes the point of minimum distances
separation to the FAF. Consequently, the preceding
aircraft must pass the point before the time point of
the switch. Integrating the function over the remain-
ing flight time of the following aircraft yields the time
separation required to ensure the minimum distance
separation∆t ji ,d. To mitigate numerical problems at
the switch, the function is relaxed using a hyperbolic
tangent function:

ṫaux =
1
2

(tanh(k · (dmin− d (ϕ, λ))) + 1) , (37)

where the parameterk can be used to control the re-
laxation of the step.

4.3 Direct Collocation Method

Due to increasing computational power over the
last decades, direct optimal control methods have be-
come competitive to the indirect strategies developed
by Pontryagin and Hestenes in the 1950’s. Extensive
literature on direct methods, e.g. in [12, 13, 14], and
their application can be found, e.g. [2, 15, 16]. The
trapezoidal collocation approach persued within this
paper, i.e. the discretization of all state and control
variables with respect to time and replacement of the
dynamic constraints by a set of equality constraints
(defects) belongs to this class of methods. Here, the
time derivative of the state vectorẋ during a single
time step

hk = tk+1 − tk (38)

is approximated by the mean value of the state deriva-
tive at both endpoints, leading to a quadratic polyno-
mial approximation of the trajectory. This integration
step is subtracted from the result of the actual differ-
ence given by the discretized states across that time
interval, leading to the defect equation

cd,k = xk+1 − xk −
hk

2
(f (xk, uk) + f (xk+1, uk+1)) = 0.

(39)
The discretization leads to a large nonlinear pro-
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gram (NLP) with the respective Lagrange function

L (x, u, σ, λ, µ) = J (x1) + σTψ (x0, x1)

+

N−1∑

k=0

λT
k+1cd,k

+

N∑

k=0

µT
k c (tk, xk, uk)

+ λt̂ct̂
(

t̂
)

, (40)

whereψ contains both the initial and final boundary
conditions andc comprises all path constraints of the
problem. Finally, the arrival time assignment con-
straint

ct̂
(

t̂
)

(41)

is a function of the parametert̂, i.e. the solution of
the optimal control problem is also a function of this
parameter.

The transcription of the optimal control problem
into an NLP is performed by utilizing the optimal con-
trol tool FALCON.m1 [17], which implements auto-
mated functionality to generate and evaluate the ob-
jective and constraint functions of the NLP. Addition-
ally, a tool is included that automatically generates the
respective Jacobian, which is provided to IPOPT [8]
that is employed as the numerical solver for the lower
level problems in this work.

4.4 Post optimal sensitivity analysis

For a given parametert̂, the Lagrange function is
stationary at the optimal solution (KKT condition):

∇zL (z, p) = 0, (42)

where
z = (x, u, σ, λ, µ)T (43)

denotes the vector comprising all optimization vari-
ables and Lagrange multipliers andp the vector con-
taining all parameters of the problem, i.e.t̂ in this
particular case.

Furthermore, in a small neighborhood of the pa-
rametersp, the implicit function theorem can be ap-
plied [18, 19]:

∇2
zzL ·

dz
dp
+ ∇2

zpL = 0 (44)

Rearranging the terms yields an equation for the post
optimal sensitivities of the optimization variables and
Lagrange multipliers with respect to the problem pa-
rameters:

dz
dp
= −

(

∇2
zzL

)−1
∇2

zpL, (45)

1http:\\www.falcon-m.com

Figure 3: Google earth visualization of the trajecto-
ries of arriving aircraft.

which contain the sensitivity∂m1,1

∂t̂1
required in equa-

tion (14). Finally, the second order sensitivity of the
objective function with respect to the problem param-
eter can be obtained [19].

5 CASE STUDY

The algorithm is tested using a small case study
comprising three arriving and one departing aircraft.
The solution is found within 20min, 58.7 son a desk-
top computer equipped with a Core i7-4770 CPU @
3.40GHz and 16 GB of RAM running Windows 10,
which is significantly faster than the genetic algorithm
employed in [5], however slower than the homotopy
approach presented in [6].

The optimal trajectories under the constraint of
fixed arrival times are shown in Fig. 3. All trajecto-
ries show a typical resemblance to the Dubin’s path,
which is the shortest path between two points of fixed
heading under a constrained turn radius. This is an
indication of the validity of the algorithm, as well as
a sufficient time separation at the initial approach fix.

Furthermore, the departing aircraft is able to take-
off at the desired departure time of 20min. It has to
be noted that this is subject to the weighing factorθ,
which can be used to adjust the priorities of an on-
time departure and a reduction of fuel consumption.

6 CONCLUSIONS

In the paper, we introduced a bi-level algorithm
to simultaneously solve the problems of sequencing
arriving and departing aircraft, as well as finding op-
timal trajectories. The algorithm shows a strong per-
formance compared to the solution of combinatorial
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problems, which suffer from the curse of dimension-
ality. In contrast, the assignment of optimal arrival
times allows for the application of gradient-based meth-
ods in the upper optimization level. However, a global
optimum cannot be guaranteed for either algorithm,
with the exception of some specific methods that re-
quire long computation times.

Further research in this field will include the search
for strategies to find global optima by combining the
advantages of several methods, e.g. by combining
global algorithms with the presented method. More-
over, the properties of the continuous problem will
be exploited by further analyzing the solution of the
bi-level problem, including the calculation of post-
optimal sensitivities with respect to uncertain param-
eters.
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