
ENRI Int. Workshop on ATM/CNS. Tokyo, Japan (EIWAC2017)

[EN-A-028] Aircraft Safety Analysis using

Generalized Polynomial Chaos

+ J. Diepolder ∗ P. Piprek ∗ B. Grüter ∗ T. Akman ∗ F. Holzapfel ∗
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Abstract: In this paper we investigate the application of generalized polynomial chaos (gPC) for optimal
control based aircraft safety assessment with parameter uncertainties. The approach is based on the
formulation of an appropriate optimal control problem to obtain worst case inputs. The criterion to be
assessed is introduced in the cost function and the numerical solution is obtained using direct optimal
control methods. In this context, we consider the case where the parameter distribution is unknown and
thus assume a truncated uniform distribution with truncation values to be determined. The approach can
be summarized as follows: First an optimization assisted bisection search algorithm is performed. This
algorithm yields regions of a user-defined maximum size in which a violation of the criterion occurs. In
order to obtain a local explicit representation of the worst case solution, we approximate this solution
in the parameter space using a spectral representation based on gPC. This representation is then used
to determine the worst case truncation limits of the uniform distribution and to estimate the exceedance
probability for the criterion under investigation. The application is illustrated using an F-16 short period
model with a model reference adaptive controller. For this example, we estimate the exceedance probability
of the maximum tracking error in the angle of attack for worst case reference command inputs and plant
uncertainties in pitch damping, pitch stiffness, and control effectiveness.
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1 Introduction

Model based testing of flight control laws is
a key element in the development process to ver-
ify the safety level of aerial systems. The stan-
dard procedures in industry practice for this pur-
pose are mainly based on Monte Carlo and grid-
ding methods. These methods are computation-
ally demanding and in case of gridding may miss
solutions in between grid points. Therefore, it
is useful to compliment them by using optimiza-
tion [1, 2] or optimal control methods [3, 4]. By
solving a minimization problem, worst case sce-
narios with respect to the criterion under investi-
gation can be found. Specifically, optimal control
based methods have shown to be highly effective
in finding worst case continuous inputs and dis-
turbances.

Moreover, uncertain parameters play a major
role for the clearance task: An important ques-
tion to be investigated in this case concerns the
exceedence probability of the safety criterion, when
considering distributed parameters. The problem
of uncertainty quantification has been addressed
by various methods [5, 6] in the past. Popular
approaches for obtaining stochastic information
about the solution are sampling based methods.

However, these methods usually exhibit slow con-
vergence and require a large number of realiza-
tions. Especially for the optimal control based ap-
proach, the computational requirements would be
prohibitive, as each sampling point requires the
solution of a high dimensional nonlinear param-
eter optimization problem. Therefore, the gener-
alized polynomial chaos (gPC) approach [7] has
become a popular choice for uncertainty quan-
tification. This method is based on a spectral
representation of the uncertain output using or-
thogonal polynomial basis functions, which ex-
hibits fast convergence and only needs few real-
izations to determine the expansion coefficients
for the polynomial basis.

Thus, our approach relies on the gPC method
with stochastic collocation to approximate the
worst-case solution of parameter dependent opti-
mal control problems. As a global approximation
over the whole parameter space might lead to an
inaccurate approximation, we first search the pa-
rameter space for regions of a defined maximum
size in which the criterion under investigation is
violated. Our search algorithm is based on the
idea of bisection in combination with optimiza-
tion. In essence, the algorithm exploits the fact
that we can clear large portions of the parame-
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ter space by searching for a worst case solution
using optimization algorithms. If no violation is
detected, the region is regarded as cleared. Oth-
erwise, we further refine the search space until a
defined cell size is reached. Within the identified
regions we then compute the spectral approxima-
tion using gPC with the respective polynomial
basis.

We are especially interested in computing the
probability of exceeding the clearance criterion
under the assumption of worst case inputs. For
this case the uniformity principle [8,9] states that
the truncated uniform distribution, symmetric to
the nominal parameter value, is the worst case
distribution. Therefore, in case the distribution
is not known the truncated uniform distribution
constitutes a conservative assumption for safety
analysis. It is important to mention that the
worst case truncation limits are not always neces-
sarily at the minimum and maximum admissible
parameter values, even though in most technical
problems the worst-case values of the criteria are
often found at the extremal points in the param-
eter space.

The paper is organized as follows: First we in-
troduce the basic notions concerning optimal con-
trol based flight control law testing and gPC. Af-
terwards, the main approach for the approxima-
tion of the worst case is presented. This includes a
description of the bisection algorithm and a test
example for determining the worst case trunca-
tion of the uniform distribution. Our approach is
then illustrated by investigating the exceedance
probability for the angle-of-attack tracking error
using a model reference adaptive controlled short
period F-16 fighter model.

2 Theoretical Background

2.1 Optimal Control Based Flight Con-
trol Law Testing

Optimal control based flight control law test-
ing can be used to find continuous worst case in-
puts u(t) ∈ Rnu for the dynamic closed loop sys-
tem ẋ(t) = f (x(t),u(t), θθθ) with the system states
x(t) ∈ Rnx and the parameters θθθ ∈ Rnθ . The cri-
terion to be tested is introduced in the cost func-
tion using a mayer-cost J = yc(tf ), which evalu-
ates yc(tf ) at the free final time tf . Note that by
letting the final time free, we do not need a-priori
information about when the worst case occurs.
Furthermore, path-constraints c(x(t),u(t), θθθ) ≤
0 can be used to include physical limits such as
actuator position and rate limits. Moreover, the
parameters are constrained via the box bounds
θθθlb ≤ θθθ ≤ θθθub. Boundary conditions at the ini-
tial time t0 or final time tf are introduced by the
equality constraint φφφ(x(t0),x(tf )) = 0. Summa-
rizing, the optimal control problem formulation

thus reads:

minimize J = yc(tf )

subject to f (x(t),u(t), θθθ) = ẋ(t),

c(x(t),u(t), θθθ) ≤ 0,

φφφ(x(t0),x(tf )) = 0,

θθθlb ≤ θθθ ≤θθθub.

(1)

As a generic tool to solve (1), direct methods have
shown to be very effective. In contrast to indirect
methods, which rely on the derivation of the nec-
essary conditions and the solution of the resulting
two-point boundary value problem, direct meth-
ods first discretize the problem in time. For the
dynamic equation the discretization is achieved
by means of transcription methods such as shoot-
ing or collocation. The discretized problem yields
a nonlinear programming problem (NLP) with
parameter vector z ∈ Rnz , which can be effi-
ciently solved via NLP solvers such as IPOPT
[10] or SNOPT [11]. Here, we consider trape-
zoidal collocation where the states and controls
are fully disrectized on a time grid t = tf · τττ =
tf · [τ0, τ1, ..., τf ] with the normalized time grid
τττ ∈ [0, 1], which yields the following parameter
vector z:

z = [tf , θθθ
T ,xT0 ,u

T
0 , ...,x

T
f ,u

T
f ]T , (2)

with xi = x(tf · τi), ui respectively. The bound-
ary conditions and the discretized dynamic con-
straints

xi+1 − xi − tf · (τi+1 − τi)
fi+1 + fi

2
= 0, (3)

for each time step i = 1, ..., f − 1 are included in
the equality constraints h(z, θθθ) = 0 of the NLP.
Moreover, the path constraints are imposed on
the time grid points by introducing the inequality
constraints g(z, θθθ) ≤ 0.

2.2 Generalized Polynomial Chaos

The gPC approach uses an orthogonal poly-
nomial basis ψm,m = 0, ..., di∫

Ωi

ψm(θi)ψn(θi)ρi(θi)dθi = h2
mδmn, (4)

for the uncertain parameters θi, i = 1, ..., N with
probability density functions ρi(θi) in the N di-
mensional random space Ω to approximate the re-
sponse metric y(z, θθθ). In (4) the Kronecker delta
δmn is 1 if m = n and 0 otherwise and hm is
defined by the relation∫

Ωi

ψ2
m(θi)ρi(θi)dθi = h2

m. (5)
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In the following we assume, without loss of gen-
erality, the use of a normalized basis. Depending
on the type of distribution of the random param-
eters θi, the basis functions ψm should be selected
according to Tab. 1 in order to ensure exponen-
tial convergence. The response surface represen-

Table 1: Polynomial basis for different continuous
distribution types [5]

Distribution Polynomial Basis Support

Gaussian Hermite (−∞,∞)
Gamma Laguerre [0,∞)
Beta Jacobi [−1, 1]
Uniform Legendre [−1, 1]

tation can then be written as a sum of the prod-
ucts of the expansion coefficients ŷm(z) and the
joint polynomial basis Ψm(θθθ)

Ψm(θθθ) =

N∏
i=1

ψm(θi), (6)

by

y(z, θθθ) ≈
M−1∑
m=0

ŷm(z)Ψm(θθθ). (7)

In the following, we will describe the calculation
of the expansion coefficients for the case of a scalar
parameter θ only. For a description of the mul-
tivariate case please refer to [5]. The coefficients
ŷm(z) for a scalar parameter θ are defined by the
integral over the random space Ω:

ŷm(z) =

∫
Ω

y(z, θ)ψm(θ)ρ(θ)dθ. (8)

This integral can be efficiently approximated us-
ing a Gaussian quadrature with weights w(j):

ŷm(z) =
M∑
j=1

y(z, θ(j))ψm(θ(j))w(j). (9)

Note that for tensor grids the number of quadra-
ture points increases exponentially, which ren-
ders the evaluation computationally expensive in
higher dimensions (curse of dimensionality). For
dimensions N > 5 it is thus useful to employ
sparse grid representations.

3 General Approach

The estimation of the exceedance probability pc:

pc = P(yc < γ) (10)

with respect to the criterion yc and the perfor-
mance threshold γ is of high importance for safety

analysis. Therefore, our approach is mainly fo-
cused on approximating the response surface of
the worst case solution for the optimal control
formulation (1), depending on the distributed pa-
rameters θθθ in order to cheaply obtain stochastic
information about the clearance criterion. Fur-
thermore, we investigate the case when the dis-
tributions of the parameters are unknown. It can
be shown that under reasonable assumptions [8],
which are usually fulfilled for practical applica-
tions, the worst case distribution is of type trun-
cated uniform with unknown bounds. In practice
these bounds are often taken to be the extremal
values of the parameter space, as it is difficult to
determine the true worst case bounds. This as-
sumption is justified for many technical applica-
tion, as the worst case solutions are often found at
the maximum or minimum values of the param-
eters. Nevertheless, to perform a rigorous and
conservative analysis of the exceedance probabil-
ity it is important to test which values for the
bounds of the truncated uniform distribution ac-
tually maximize (10). This of course requires the
cheap evaluation of worst case solutions for a large
number of samples.

It is important to note that the worst case so-
lution of (1) might change considerably depend-
ing on the values of the distributed parameters θθθ.
A global approximation of the response surface
over the whole parameter space may thus not ex-
hibit sufficient accuracy. Therefore, we perform
the gPC approximation locally within nR regions

Ri(θθθilb, θθθiub) =
{
θθθ ∈ Rnθ : θθθilb ≤ θθθ ≤ θθθiub

}
, (11)

i = 1, ..., nR with maximum edge lengths h, i.e.(
θiub,j − θilb,j

)
≤ hj ,∀j = 1, ..., nθ. (12)

Note that several solutions of the optimal control
problem at the collocation points within each re-
gion are necessary to compute the gPC expansion
coefficients (8). Division of the whole parameter
space θθθlb ≤ θθθ ≤ θθθub and the analysis of the re-
sponse surface in all regions would thus be com-
putationally very demanding, if not prohibitive.
Therefore, we seek to perform the approximation
only for those regions where we expect a violation
of the criterion. In order to find those regions we
exploit the fact that we can test, if a violation of
the criterion within Ri(θθθ

i
lb, θθθ

i
ub) can be expected,

via solving the following optimal control problem[
Ĵi, θ̂θθ

]
= Test

(
Ri(θθθilb, θθθiub)

)
:

minimize Ji = yc(tf )

subject to f (x(t),u(t), θθθ) = ẋ(t),

c(x(t),u(t), θθθ) ≤ 0,

φφφ(x(t0),x(tf )) = 0,

θθθilb ≤ θθθ ≤θθθiub.

(13)
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Algorithm 1 TestAndBisect (Ri, γ,h)

1:

[
Ĵi, θ̂θθi

]
= Test (Ri)

2: if Ĵi < γ then
3: if isMinimumSize (Ri,h) then
4: RVmin ← Ri
5: else
6:

[
RV ,RS

]
= Bisect

(
Ri, θ̂θθi

)
7: TestAndBisect

(
RS , γ,h

)
8: if isMinimumSize

(
RV ,h

)
then

9: RVmin ← RV
10: else
11: TestAndBisect

(
RV , γ,h

)
12: end if
13: end if
14: end if

Figure 1: Himmelblau’s function

The solution of this optimal control problem tells
us if a violation Ĵi < γ has been detected or if
the region can be regarded as cleared. In order
to efficiently find those grid regions we employ a
search algorithm based on the idea of bisection.

To formally describe the algorithm let us de-
fine four different types of regions R. The first
one, RS , are regions that need to be searched.
The second type, RV , are the regions where we
found a violation of the criterion but which have
edge lengths greater than defined by h. The third
type, RVmin , are the grid cells in which we found
a violation of the criterion and that are below
the required size, i.e. the function [true/false] =
isMinimumSize

(
Ri(θθθilb, θθθiub),h

)
:(

θiub,j − θilb,j
)
≤ hj ,∀j = 1...nθ, (14)

returns true.
The refinement of the search space is achieved

by repeatedly bisecting regions where a violation

of the criterion was found into two new regions

RV and RS :
[
RV ,RS

]
= Bisect

(
Ri, θ̂θθi

)
. Here,

RV is the region which contains the worst case so-
lution violating the criterion and RS is the com-
plementary region that still needs to be tested.
In order to make the bisection unique for nθ > 1
we perform the bisection in those directions for
which the bisection plane has the greatest nor-
mal distance from the worst case. The reasoning
behind this strategy is to obtain search regions
RS which have a higher chance of not contain-
ing a violation of the criterion. Moreover, the
region is not refined in directions in which the
minimum edge length is already achieved. The
algorithm is formalized in Alg. 1. The search set
is initialized with the whole search space RS ←
R0(θθθlb,0, θθθub,0) and RVmin ← ∅ which starts the
recursion TestAndBisect

(
RS , γ,h

)
.

3.1 Illustration of the algorithm

To illustrate the algorithm we will use the
himmelblau test function

J(θ1, θ2) = (θ2
1 + θ2− 11)2 + (θ1 + θ2

2 − 7)2, (15)

depending on the parameters θ1 and θ2. In this
example the parameter space is restricted to−5 ≤
θ1 ≤ 5 and −5 ≤ θ2 ≤ 5. The himmelblau func-
tion has four minima, as it can be seen from Fig.

Figure 2: Visualization of the bisection search
algorithm (Violated areas marked in red, Iden-
tified regions in blue, upper truncation limits
dashed line, lower truncation limits dash-dotted
line, worst case limits thick solid line).
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1. We illustrate Alg. 1 by estimating the viola-
tion probability pc = P(J < 1) and thus want
to find the regions that have a value J < 1. For
the Test-function within each region in Alg. 1 we
use the matlab-function fmincon with two ran-
domly initialized starting points. Fig. 2 depicts
the results of the bisection search algorithm and
illustrates that Alg. 1 efficiently finds the regions
violating the criterion.

Let us further investigate the question con-
cerning the symmetric truncation limit values θθθlim
with respect to the nominal value of the worst-
case truncated uniform distribution. From Fig.
2 it can be seen that the symmetric, outer limit-
ing boundary of the highlighted regions (dashed
line) can be chosen as a first approximation for
the upper bound for the truncation limits. Fur-
thermore, the symmetric, inner limiting bound-
ary (dash-dotted line) represents a lower bound.
The solid line in Fig. 2 shows the worst case trun-
cation values θθθlim at which the exceedance proba-
bility P(J < 1) is maximal (see red maker in Fig.
3). The corresponding values are summarized in
Tab. 2.

Table 2: Limits and exceedance probabilities

Case Limits θθθlim P(J < 1)[%]

Full θ1 ∈ [−5, 5] 0.412
θ2 ∈ [−5, 5]

Upper Bound θ1 ∈ [−4.1,−3.4] 0.733
θ2 ∈ [4.1, 3.4]

Worst Case θ1 ∈ [−3.7,−2.2] 0.761
θ2 ∈ [3.7, 2.2]

Figure 3: Exceedance probability for different
truncation values (Maximum value marked red).

3.2 Remarks

Note that the local probability density func-
tion for a uniform distribution in a single grid
cell is of the same type as the global one. There-
fore, we can use the same orthogonal polynomials
without deteriorating the convergence of the gPC
approximation to the true solution.

Moreover, direct methods usually employ gra-
dient based optimization schemes which only guar-
antee local optimality. Thus, good initial guesses
for the optimal control problem are of high impor-
tance. Here, we use the approach presented in [12]
and gradually build up solution candidates using
first sampling to generate initial populations for
a global optimization scheme (differential evolu-
tion). Solutions of the global optimization scheme
are then used as initial guesses for the optimal
control problem. In our experience, it is impor-
tant for the robustness of the algorithm to numer-
ically solve the optimal control problem starting
from several initial guesses and choosing the worst
case among the solutions.

The computational efficiency of Alg. 1 de-
pends highly on the number and location of the
violated regions. In case we cover the violated
region in the search space with a single cell, the
number of Test()-runs N1 is

N1 =

nθ∑
j=1

dlog2 ((θub,j − θlb,j) /hj)e. (16)

4 Illustrative Example

For illustration purposes we use the example
from [13] for testing a model reference adaptive
controller and extend it by assuming a truncated
uniform distribution for the uncertain parame-
ters. In the following, we will briefly summarize
the main model equations and state the problem
formulation to be investigated.

4.1 Model Equations

The model represents a short period approxi-
mation for the F-16 aircraft with model reference
adaptive controller. This controller translates the
reference command r (angle of attack) into the
control u such that the plant model states xP
track the reference model states xM asymptoti-
cally. The state space representation comprises
states

x = [eα, eq, αM , qM ,Θα,Θq,Θr]
T , (17)

namely the states of the error dynamics eTC =
xTP−xTM = [eα, eq] for the angle-of-attack error eα
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and pitch rate error eq, the reference model states
xTM = [αM , qM ], i.e. the angle of attack αM and
pitch rate qM , and the states for the adaptation
law ΘT = [Θx

T ,Θr] = [Θα,Θq,Θr]:

ėC = AM · eC + BPλMη · (Θ−Θ∗) ·ωωω,
ẋM = AM · xM + BPKrr,

Θ̇T = −ΓωωωeTCPBP .

(18)

The system matrix AM of the reference model
and the feed-forward gain Kr are defined as

AM =

[
Zα 1 + Zq

Mαdes Mqdes

]
,Kr = −1.55, (19)

with Mαdes = −11.38 and Mqdes = −4.16. The
plant model system matrix AM and input matrix
BM read:

AP =

[
Zα 1 + Zq

λMα
·Mα λMq

·Mq

]
,BP =

[
0
Mη

]
,

(20)
with Mα = −30.79, Mq = −3.75, Zα = −1.84,
Zq = −0.09, and Mη = −12.75. The nominal
plant coefficients are subject to the multiplica-
tive uncertainties λMα

, λMq
, and λMη

which are
assumed to be a truncated uniform distribution
with symmetric limits to the nominal value 1,
ranging between 0.5 and 1.5. Here Θ∗ = [Θ∗

x
T ,Θ∗

r ]
are the so called ideal parameters related to the
matching conditions

AM = AP + BPλMηΘ
∗
x, (21)

BP ·Kr = BPλMη
Θ∗
r , (22)

and ωωωT = [xTP , r] is the regressor vector. Further-
more, Γ = 200 · I3×3 and P are parameters of the
adaptive controller, where P is the solution of the
Lyapunov equation

AT
MP + PAM = −Q, (23)

with Q = I2×2.

4.2 Problem Formulation

For illustration purposes let us investigate the
probability that the tracking error for the angle-
of-attack eα exceeds the limit of 5 deg

pc = P (eα(tf ) > 5 deg) , (24)

at the free final time within the bounds tf ∈
[0s, 4s]. The optimal control problem depends on
the parameters θθθ = [λMα

, λMq
, λMη

]T and starts
from the trim condition x(t0) = 0:

minimize J = −eα(tf )

subject to f (x(t), r(t), θθθ) = ẋ(t),

x(t0) = 0,

θθθilb ≤ θθθ ≤θθθiub.

(25)

For the numerical solution of (25) we employ a
trapezoidal collocation scheme using the optimal
control tool falcon.m1 [14] with the NLP solver
IPOPT.

4.3 Results and Discussion

First, we present the results for a two dimen-
sional grid in 0.5 ≤ λMα

≤ 1.5 and 0.5 ≤ λMη
≤

1.5 for λMq
= 1. The maximum edge length

for the bisection Alg. 1 is set to h = 0.25 for
all directions. As can be seen in Fig. 4 three
regions RVmin violating the criterion have been
identified for this case. The green dots in Fig.
4, represent the collocation points for evaluating
the expansion coefficients for a third order gPC
approximation. The red region in Fig. 4 indi-
cates where a violation can be expected when us-
ing the local approximations. Fig. 5 illustrates

Figure 4: Third order gPC approximation for the
violated regions in the two-dimensional parame-
ter space in λMα

and λMη
for λMq

= 1 (Violated
area marked in red, collocation points marked in
green).

the critical regions for the full three dimensional
case 0.5 ≤ λMα

≤ 1.5, 0.5 ≤ λMη
≤ 1.5, and

0.5 ≤ λMq ≤ 1.5.
In this example the violations occur at the

boundaries of the parameter space and the worst
case truncation values are at the maximum lim-
its. Finally, the estimated exceedance probability
evaluated by sampling using the local gPC ap-
proximation is 12.19%.

1www.falcon-m.com
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Figure 5: Violated regions for the three-
dimensional parameter space λMα

, λMη
, and λMq

.

5 Conclusions

We presented an approach to estimate the ex-
ceedance probability for safety criteria using opti-
mal control methods in combination with gener-
alized polynomial chaos. This analysis assumes a
truncated uniform distribution which is the worst
case distribution when the true distribution is un-
known. By means of an optimization assisted
search algorithm, we first identified critical re-
gions where we expect a violation of the criterion
under investigation. The spectral representation
can then be used to determine first the truncation
values of the distribution and subsequently eval-
uate the exceedance probability using sampling.

Note that for high dimensional random spaces
the gPC expansion becomes increasingly costly to
evaluate, as one optimal control solution is neces-
sary per collocation point. Future work will thus
be focused on obtaining cheap approximations of
the worst case based on post-optimal sensitivity
analysis. As the criterion is introduced in the cost
function this analysis allows us to locally approx-
imate the solution of the optimal control problem
to second order. Furthermore, an appropriate
quadratic programming problem can be solved,
which respects equality and inequality constraints
to first order. Using this method the local evalu-
ation of the worst case solution around a nominal
point becomes much cheaper and should greatly
enhance the efficiency of the proposed method.
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